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O ~ t i m a l  Seauencina i n  I n s t a l l i n a  
Wastewater Treatment P l a n t s  1 
2 2 S. R i n a l d i  , R. Soncini -Sessa  , and H. S t e h f e s t  3  
A b s t r a c t  
I f  a  set  of  wastewater  t r e a tmen t  p l a n t s  i s  t o  be 
i n s t a l l e d  i n  a  r i v e r  b a s i n  w i t h i n  a  g iven  t i m e  p e r i o d ,  
an  i n t e r e s t i n g  o p t i m i z a t i o n  problem i s  t o  select t h e  
b e s t  sequence i n  which t h e  p l a n t s  should  be b u i l t .  Two 
sequencing problems of  t h i s  k ind a r e  d i s c u s s e d  i n  
t h i s  pape r ,  and branch and bound a lgo r i t hms  a r e  pro- 
posed f o r  s o l v i n g  them. The v a l i d i t y  o f  some s i m ~ l i f y i n g  
assumpt ions  and t h e  e f f e c t i v e n e s s  of t h e  methods from a  
computa t iona l  p o i n t  of  view a r e  shown by ana lyz ing  t h e  
c a s e  of  t h e  Rhine r i v e r  i n  The Fede ra l  Republic of 
Germany. 
1 .  I n t r o d u c t i o n  
A problem t h a t  h a s  been e x t e n s i v e l y  d e a l t  w i th  i n  t h e  
r e c e n t  l i t e r a t u r e  on r i v e r  p o l l u t i o n  i s  t h a t  of  op t ima l  d e s i g n  
and a l l o c a t i o n  of  wastewater  t r e a tmen t  p l a n t s  i n  a  r i v e r  b a s i n .  
The c r i t e r i o n  fol lowed by most of  t h e  a u t h o r s  c o n s i s t s  i n  mini-  
mizing t h e  t o t a l  c o s t  o f  t h e  p l a n t s  t h a t  g i v e  r i se  t o  a  t o l e r a b l e  
s t ream q u a l i t y  index.  The s o l u t i o n  of t h i s  o p t i m i z a t i o n  problem, 
from now on c a l l e d  pr imary o p t i m i z a t i o n  problem, i s  r e p r e s e n t e d  by 
a  se t  S of p l a n t s  t h a t ,  once i n s t a l l e d ,  w i l l  e n t a i l  a  wa te r  
q u a l i t y  t h a t  s a t i s f i e s  c e r t a i n  s t anda rds .  The c o s t  of  such a n  
f o r  
Teo 
1 Thi s  work h a s  been suppor ted  by t h e  I n t e r n a t i o n a l  I n s t i t u t e  
Applied Systems Ana lys i s ,  Laxenburg, A u s t r i a ,  and by Centro  
r i a  d e i  S i s t e m i ,  C . N . R . ,  Milano, I t a l y .  
2 ~ e n t r o  Teo r i a  d e i  S i s t emi ,  C . N . R . ,  Via Ponzio 3 4 / 5 ,  Milano, 
I t a l y .  
' l n s t i t u t  f i i r  angewandte Systemtechnik ,  Kernforschungszentrum, 
Kar l s ruhe ,  Fede ra l  Republ ic  o f  Germany. 
o p t i m a l  s o l u t i o n  i s  u s u a l l y  s o  h i g h  t h a t  it t a k e s  a  r e a s o n a b l y  
long  time--i.e. s e v e r a l  yea r s - -be fo re  a l l  t h e  p l a n t s  a r e  i n -  
s t a l l e d .  For  example, i n  t h e  c a s e  of  t h e  Rhine r i v e r  d e s c r i b e d  
i n  t h i s  paper  t h e  c o s t  of  t h e  o p t i m a l  s o l u t i o n  amounts t o  
approx imate ly  $15 b i l l i o n  which i s  a b o u t  20% of  t h e  annua l  budge t  
of  t h e  F e d e r a l  Government of  t h e  F.R.G. 
Hence, a f t e r  s o l v i n g  t h e  p r imary  o p t i m i z a t i o n  problem one 
i s  u s u a l l y  f a c e d  w i t h  t h e  secondary  o p t i m i z a t i o n  problem o f  
d e t e r m i n i n g  t h e  b e s t  sequence  i n  which t h e  p l a n t s  must  b e  b u i l t ,  
i . e .  t h e  sequence  { s t l t = l ,  where st i s  t h e  set  o f  p l a n t s  a c t i -  
v a t e d  i n  y e a r  t ( s o  t h a t  st n s = @ (empty se t )  i f  tl # t2 
N 1  t2 -
and U st = S)  and N i s  t h e  number of y e a r s  w i t h i n  which a l l  
t = l  
p l a n t s  a r e  t o  b e  i n s t a l l e d .  The economic c o n s t r a i n t  t h a t  a c t u -  
a l l y  g e n e r a t e s  t h i s  sequenc ing  problem c a n  be  s p e c i f i e d  i n  d i f -  
f e r e n t  ways. The most  r e a l i s t i c  one seems t o  b e  t h e  uni form 
d i s t r i b u t i o n  of  t h e  i n v e s t m e n t  o v e r  t h e  N y e a r s .  I n  o t h e r  words, 
i f  t h e  c o s t  o f  t h e  p l a n t s  w e  a r e  t o  i n s t a l l  w i t h i n  N y e a r s  i s  C ,  
t h e n  t h e  amount o f  money Ct w e  a r e  a l lowed  t o  spend d u r i n g  t h e  
f i r s t  t y e a r s  ( t  = 1 , 2 ,  ..., N )  must  be  less t h a n  o r  e q u a l  t o  C t / N .  
An i n t e r e s t i n g  f e a t u r e  o f  t h i s  r u l e  i s  t h a t  t h e  d e c i s i o n s  t a k e n  
i n  t h e  f i r s t  t y e a r s  ( i . e .  t h e  set o f  p l a n t s  t h a t  have  been a c t i -  
v a t e d  d u r i n g  t h e  f i r s t  t y e a r s )  i n f l u e n c e  f u t u r e  b u d g e t s ,  because  
t h e  money a v a i l a b l e  i n  y e a r  ( t  + 1 )  i s  C ( t  + 1 ) / N  - C t ,  which 
i s ,  i n  g e n e r a l ,  more t h a n  t h e  a v e r a g e  budge t  C/N because  of 
p a s t  s a v i n g s .  T h i s  i s  t h e  main c h a r a c t e r i s t i c  t h a t  d i f f e r e n t i a t e s  
t h i s  problem from t h o s e  which have  been d e a l t  w i t h  i n  t h e  l i t e r a -  
t u r e  ( D e i n i n g e r ,  1965; R e v e l l e  e t  a l . ,  1969) . 
I n  o r d e r  t o  s p e c i f y  t h e  o b j e c t i v e  f u n c t i o n  f o r  t h e  sequenc ing  
problem w e  must  f i r s t  d e f i n e  a  w a t e r  q u a l i t y  index by means of 
which w e  can d e t e r m i n e ,  f o r  any s u b s e t  S t C  S  o f  t h e  p l a n t s  i n -  
s t a l l e d  up  t o  t h e  y e a r  t ,  t h e  a s s o c i a t e d  p o l l u t i o n  i n d e x  Pt o f  
t h e  r i v e r  b a s i n .  The i n i t i a l  ( y e a r  0) and f i n a l  ( y e a r  N) v a l u e s  
of t h e  p o l l u t i o n  i n d e x  a r e  g i v e n ,  s i n c e  S  = @ (empty se t )  and 
N 0 SN = S  f o r  any sequence  { s t l t = l .  Moreover,  t h e  p o l l u t i o n  index  Pt 
w i l l  i n  most c a s e s  be  a  s t r i c t l y  d e c r e a s i n g  f u n c t i o n  of  t i m e ,  
s i n c e  t h e  implementa t ion  of  any s u b s e t  o f  p l a n t s  w i l l ,  i n  g e n e r a l ,  
b e t t e r  t h e  c o n d i t i o n s  o f  t h e  r i v e r  b a s i n .  Given a  p o l l u t i o n  
index,  t h e r e  a r e  s t i l l  many o p t i o n s  i n  d e f i n i n g  t h e  o p t i m i z a t i o n  
c r i t e r i o n ;  two of  t h e s e  s e e m  t o  be of  p a r t i c u l a r  i n t e r e s t  i n  t h e  
problem under c o n s i d e r a t i o n  and w i l l  t h e r e f o r e  be  d e a l t  w i t h  i n  
t h i s  paper .  The f i r s t  one  c o n s i s t s  i n  a c t i v a t i n g  each  yea r  t h a t  
s u b s e t  s t  of p l a n t s  which g i v e s  rise t o  t h e  g r e a t e s t  improve- 
ment, i . e .  t o  t h e  minimum v a l u e  o f  t h e  p o l l u t i o n  index  Pt.  T h i s  
"myopic" c r i t e r i o n  h a s  been e x t e n s i v e l y  used i n  t h e  p a s t ,  i n  
p a r t i c u l a r  i n  c o n t r o l  problems (e .g .  minimum t i m e  c o n t r o l )  and 
i n  mathemat ica l  programming problems (e .g.  s t e e p e s t  d e s c e n t  
method) ,  and u s u a l l y  e n t a i l s  less computa t iona l  e f f o r t ' t h a n  any 
a l t e r n a t i v e  scheme. The second c r i t e r i o n ,  c e r t a i n l y  more r a t i o n a l  
t h a n  t h e  myopic one ,  c o n s i s t s  i n  de t e rmin ing  t h a t  sequence 
.. 
N 
{st}t=l  which minimizes  t h e  sum of t h e  p o l l u t i o n  i n d i c e s  over  a l l  
N 
y e a r s  ( H Pt = m i n ) .  Because of  t h e  s av ing  e f f e c t  d e s c r i b e d  
t = l  
above, t h i s  sequencing problem t u r n s  o u t  t o  be a n  op t ima l  c o n t r o l  
problem of a  dynamic system and t h e  a lgo r i t hm f o r  i t s  s o l u t i o n  
w i l l  t h e r e f o r e  be q u i t e  s o p h i s t i c a t e d  and time-consuming. 
A s  f a r  a s  t h e  p o l l u t i o n  index i s  concerned,  f o l l owing  Lieb- 
man (see Kneese and Bower, 1971, pp. 94-5) ,  w e  u s e  " t h e  t o t a l  
oxygen d e f i c i t  i n  t h e  r i v e r  b a s i n " ,  a s  opposed t o  o t h e r  i n d i c e s  
t h a t  a r e  r e l a t e d  t o  t h e  s t r e am s t a n d a r d s ,  such a s  " t h e  mi leage  
o u t  of s t a n d a r d s "  (De in inger ,  1965) o r  " t h e  maximum d e v i a t i o n  
from t h e  s t ream s t a n d a r d s "  (R eve l l e  e t  a l . ,  1969) .  There a r e  
two a  p r i o r i  r e a s o n s  t h a t  j u s t i f y  t h i s  cho i ce .  F i r s t ,  t h i s  index  
t a k e s  i n t o  accoun t  t h e  g l o b a l  s i t u a t i o n  o f  t h e  b a s i n ,  s i n c e  each  
p o i n t  of  t h e  r i v e r  g i v e s  i t s  c o n t r i b u t i o n  t o  t h e  t o t a l  d e f i c i t ;  
by c o n t r a s t ,  t h e  maximum d e v i a t i o n  from t h e  s t r e am s t a n d a r d s  i s  
a  more p o i n t w i se  measure.  Second, Liebman's index  en joys  some 
remarkable  p r o p e r t i e s  (see n e x t  s e c t i o n )  t h a t  make it q u i t e  
a t t r a c t i v e  from a  co n cep tua l  p o i n t  of  view and pe rmi t  r easonab ly  
e f f i c i e n t  a l g o r i t h m s  t o  be  dev i s ed  f o r  s o l v i n g  t h e  sequencing problem. 
2 .  The Oxvaen D e f i c i t  a s  a  P o l l u t i o n  Index 
The problem of d e f i n i n g  a  p o l l u t i o n  index  f o r  a  r i v e r  b a s i n  
i s  c e r t a i n l y  n o t  a  new one and many s u g g e s t i o n s  can  i n  f a c t  be 
found i n  t h e  l i t e r a t u r e .  The fo rmu la t i on  of  such an index can 
be done i n  two s t e p s .  F i r s t  w e  d e f i n e  a  wa te r  q u a l i t y  measure 
and t h e n  w e  s u i t a b l y  i n t e g r a t e  t h i s  measure over  t h e  e n t i r e  
r i v e r  b a s i n .  The f i r s t  s t e p  i s  wi thou t  doub t  t h e  more d i f f i c u l t  
one t o  accompl ish ,  s i n c e  t h e  wa te r  q u a l i t y  measure should  t a k e  
i n t o  accoun t  t h e  composi te  i n f l u e n c e  o f  s i g n i f i c a n t  p h y s i c a l  and 
chemical  pa ramete r s  and t h e  d i f f e r e n t  u s e s  of  t h e  wa te r .  Un- 
f o r t u n a t e l y ,  t h e  soundes t  p r o p o s a l s  known t o  t h e  a u t h o r s  a r e  s o  
complex and d e t a i l e d  t h a t  t h e y  canno t  be used f o r  s o l v i n g  problems 
of  t h e  k ind  co n s i d e r ed  h e r e ,  s i n c e  t h e y  would r e q u i r e  t h e  u s e  o f  
models f a r  more s o p h i s t i c a t e d  t h a n  t h o s e  t h a t  have s o  f a r  been 
v a l i d a t e d .  For example, t h e  wa te r  q u a l i t y  index  d e s c r i b e d  by 
R.M. Brown e t  a l .  ( 1 9 7 2 )  t a k e s  i n t o  accoun t  t h e  fo l l owing  e leven  
parameters :  d i s s o l v e d  oxygen, f e c a l  c o l i f o r m s ,  pH, 5-day BOD, 
n i t r a t e ,  phosphate ,  t em p e ra tu r e ,  t u r b i d i t y ,  t o t a l  s o l i d s ,  t o x i c  
e lements ,  p e s t i c i d e s ;  and t h e r e  i s  no model t h a t  can  p r e d i c t  a l l  
t h e s e  v a r i a b l e s  a t  one  t i m e .  T he re fo r e ,  w e  a r e  f o r c e d  t o  select  
s o  compact a  measure o f  wa te r  q u a l i t y  t h a t  any s t anda rd  r i v e r  
q u a l i t y  model a l l o w s  t h e  computa t ion  o f  t h i s  measure. F o r t u n a t e l y ,  
w e  d o  n o t  have s i g n i f i c a n t  a l t e r n a t i v e s  i n  making t h i s  c h o i c e  
s i n c e  a l l  r e a s o n a b l e  measures o f  wa te r  q u a l i t y  have i n  common o n l y  
one pa ramete r ,  namely t h e  d i s s o l v e d  oxygen c o n c e n t r a t i o n .  
For t h e s e  r e a s o n s  t h e  p o l l u t i o n  index  w e  propose  i s  t h e  
t o t a l  amount o f  oxygen m i s s ing  i n  t h e  r i v e r  b a s i n  w i t h  r e s p e c t  t o  
t h e  i d e a l  c o n d i t i o n s  of  f u l l y  s a t u r a t e d  wa t e r ,  i . e .  
where L i s  t h e  se t  o f  s p a t i a l  c o o r d i n a t e s  d e f i n i n g  t h e  r i v e r  
b a s i n  and A(x)  and D(x) a r e ,  r e s p e c t i v e l y ,  t h e  c r o s s - s e c t i o n a l  
a r e a  and t h e  oxygen d e f i c i t  a t  p o i n t  x .  The index  P i s  i n  g e n e r a l  
t ime-varying,  b u t  i n  t h e  f o l l owing  on ly  t h e  s t a t i o n a r y  c a s e  w i l l  
be d e a l t  w i t h ;  t h i s  t u r n s  o u t  t o  be j u s t i f i e d  i f  w e  assume low 
f low c o n d i t i o n s .  
W e  w i l l  now prove t h a t  under s u i t a b l e  assumpt ions  t h e  p o l l u -  
t i o n  index  P s a t i s f i e s  a  ve ry  impor t an t  p r o p e r t y  t h a t  w e  c a l l  
" a d d i t i v i t y  p rope r ty" .  For t h i s ,  l e t  u s  f i r s t  d e f i n e  t h e  i m -  
provement Q ( X )  of t h e  index P due t o  t h e  p resence  of a  set X 
of wastewater  t r ea tmen t  p l a n t s ,  i . e .  w r i t e  
where P i s  t h e  i n i t i a l  va lue  of  t h e  p o l l u t i o n  index ( ~ ( $ 3 )  = 0 ) .  0 
Now " a d d i t i v i t y "  means t h a t  t h e  improvement due t o  two d i s j o i n t  
s e t s  of p l a n t s  A and B i s  t h e  sum of t h e  two s i n g l e  improve- 
ments, i . e .  
Thus, t h e  p o l l u t i o n  index ( 2 )  can be r e w r i t t e n  i n  t h e  form 
where qi i s  t h e  c o n t r i b u t i o n  of t h e  i - t h  p l a n t  t o  t h e  t o t a l  
improvement Q ( X ) .  I n  o t h e r  words, each p l a n t  c o n t r i b u t e s  sepa- 
r a t e l y  and i n  an a d d i t i v e  way t o  t h e  p o l l u t i o n  index;  t h i s  i s  
indeed a  very  impor tan t  f e a t u r e  because it a l lows  u s  t o  charac-  
t e r i z e  a  p l a n t  wi th  two p o s i t i v e  numbers, namely t h e  c o s t  c i  
and t h e  " q u a l i t y  i n d i c a t o r "  qi • Thus, t h e  e f f i c i e n c y  of t h e  
i - t h  p l a n t  expressed  i n  mg of oxygen pe r  d o l l a r  can be d e f i n e d  
and w i l l  be shown t o  p lay  an impor tan t  r o l e  i n  t h e  s o l u t i o n  of 
t h e  problem. 
D i f f e r e n t  p roo f s  of eq .  ( 4 )  can be g iven ,  depending upon 
t h e  kind of model and upon t h e  s p a t i a l  v a r i a b i l i t y  of t h e  param- 
e t e r s  involved i n  it. The s i m p l e s t  c a s e  i s  t h a t  of  a  ba s in  
c o n s t i t u t e d  by a  uniform and s e m i i n f i n i t e  (x  >, 0) channel  i n  
which t h e  i n t e g r a l  of  t h e  d i s t r i b u t e d  load a long  t h e  r i v e r  i s  
f i n i t e ,  s o  t h a t  a l l  s i g n i f i c a n t  v a r i a b l e s  d e s c r i b i n g  t h e  system 
go t o  z e r o  f o r  x  -+ because  of s e l f - p u r i f i c a t i o n .  I n  f a c t ,  
l e t  u s  f i r s t  assume t h a t  t h e  r i v e r  i s  d e s c r i b e d  by t h e  w e l l  
known S t r e e t e r - P h e l p s  model ( S t r e e t e r  and P h e l p s ,  1 9 2 5 ) :  
d D ( x )  
= klB ( x )  - k2D ( x )  , dx 
where B ( x )  s t a n d s  f o r  b i o l o g i c a l  oxygen demand (BOD) , u ( x )  i s  
t h e  BOD l o a d  d i s t r i b u t e d  a l o n g  t h e  r i v e r ,  Ui i s  t h e  BOD load  
of t h e  i - t h  p l a n t ,  ui i s  t h e  amount o f  BOD removed by t h a t  p l a n t ,  
x  i s  t h e  s p a t i a l  c o o r d i n a t e  o f  t h e  p l a n t ,  6 i s  t h e  impulse  i 
f u n c t i o n  and k  and k2 a r e  s u i t a b l e  c o n s t a n t  p a r a m e t e r s .  S i n c e  1 
e q s .  ( 6 )  a r e  l i n e a r ,  t h e i r  s o l u t i o n  depends  l i n e a r l y  on t h e  
boundary c o n d i t i o n s  B ( O j  and D(0) and on t h e  amount ui of  BOD 
removed by each  p l a n t .  Moreover, t h e  i n t e g r a l  of D(x)  i s  f i n i t e  
s i n c e  t h e  i n t e g r a l  of  U(x)  i s  f i n i t e ,  s o  t h a t  t h e  p o l l u t i o n  i n d e x  
P(X) i s  w e l l  d e f i n e d  and i s  a  l i n e a r  f u n c t i o n a l  o f  t h e  d e f i c i t  
D ( x )  . T h e r e f o r e  e q .  ([I) a  p r i o r i  f o l l o w s ,  w i t h  
s i n c e  a  g i v e n  amount of  BOD removed w i l l  have a n  e f f e c t  on  t h e  
index  P  ( X )  t h a t  i s  i n d e p e n d e n t  of  t h e  l o c a t i o n  xi of  t h e  t r e a t -  
ment p l a n t  ( i . e . ,  K i s  independen t  o f  i i n  e q .  ( 7 )  ) . 
L e t  u s  now prove  t h a t  t h i s  r e s u l t  h o l d s  f o r  t h e  c a s e  i n  which 
t h e  r i v e r  i s  d e s c r i b e d  by a  h i g h e r - o r d e r  n o n l i n e a r  model o f  t h e  
k ind  
where W(x) can  be looked upon a s  a  s u i t a b l e  m-th o r d e r  v e c t o r  
d e s c r i b i n g  t h e  v a r i o u s  s t a g e s  i n  t h e  d e g r a d a t i o n  o f  t h e  o r g a n i c  
p o l l u t a n t s ,  f ,  U ( x ) ,  Ui and ui a r e  m-th o r d e r  v e c t o r s  and 
a T  i s  a n  m-th o r d e r  row v e c t o r  o f  c o n v e r s i o n  f a c t o r s .  I n  f a c t ,  
s o l v i n g  eq .  ( 8 a )  w i t h  r e s p e c t  t o  f  and s u b s t i t u t i n g  i n  eq .  ( 8 b ) ,  
one  o b t a i n s  
from which 
T 
aTw(o) + D ( o )  - l i m  a  W(x) - l i m  D(x! (9) D(x)dx  = -  
x j m  x  jW 
f o l l o w s .  
I f  w e  c o n f i n e  o u r s e l v e s  t o  t h e  b iochemica l  d e g r a d a t i o n  p r o c e s s e s ,  
t h e  two l i m i t s  i n  t h e  p r e c e d i n g  e x p r e s s i o n  a r e  z e r o  under t h e  
assumpt ion  t h a t  t h e  i n t e g r a l  o f  U(x) i s  f i n i t e ;  t h e  f i n a l  formula  
f o r  P(X) i s  t h e n  
which i s  o f  k i n d  ( 4 )  w i t h  
The s t r u c t u r e  o f  model ( 8 )  i s  s o  g e n e r a l  t h a t  it c o n t a i n s  a s  
p a r t i c u l a r  c a s e s  a l l  models known t o  t h e  a u t h o r s ;  t h e r e f o r e ,  t h e  
n e x t  t h i n g  w e  have t o  do  i s  t o  r e l a x  t h e  assumpt ions  o f  t h e  
channe l  b e i n g  i n f i n i t e  and uniform. Thus, suppose  t h a t  t h e  
r i v e r  i s  d e s c r i b e d  by a  l i n e a r  model of  t h e  k ind  
where z ( x )  i s  a n  m-th o r d e r  v e c t o r ,  F  ( x )  and G ( x )  a r e  m a t r i c e s  
of s u i t a b l e  o r d e r  and 0 $ x  $ L. S i n c e  t h e  d e f i c i t  D(x)  i s  
c e r t a i n l y  one of  t h e  components ( f o r  example t h e  l a s t  o n e )  of 
t h e  v e c t o r  z ( x )  w e  c a n ,  f o r  t h e  s a k e  o f  s i m p l i c i t y  i n  n o t a t i o n ,  
i n t r o d u c e  a  row v e c t o r  hT such  t h a t  
where 
For  example, f o r  t h e  S t r e e t e r - P h e l p s  model ( 6 )  w i t h  kl and k2 
dependent  on x ,  we have 
I n t e g r a t i n g  e q . ( l l )  w e  o b t a i n  
where t h e  m x m m a t r i x  @ ( x , S )  i s  t h e  well-known t r a n s i t i o n  
m a t r i x  of  l i n e a r  sys tems  (Zadeh and Desoer ,  1 9 6 3 ) .  From e q s .  ( 1 )  
and (1 2 )  w e  o b t a i n  
which i s  o f  t h e  form ( 4 )  w i t h  
Express ion  ( 1 3 )  f o r  t h e  q u a l i t y  i n d i c a t o r  qi shows t h a t  even i n  
t h e  c a s e  i n  which ui i s  a  s c a l a r ,  t h e  c o e f f i c i e n t  qi/ui i s ,  i n  
g e n e r a l ,  dependent  upon if  and t h i s  t u r n s  o u t  t o  be t r u e  a l s o  f o r  
uni form b u t  f i n i t e  c h a n n e l s .  I n  o t h e r  words, i n  a  uni form r i v e r  
two p l a n t s  c h a r a c t e r i z e d  by t h e  same BOD removal g i v e  r i se  t o  t h e  
same improvement of t h e  p o l l u t i o n  index  o n l y  i f  t h e y  a r e  l o c a t e d  
s u f f i c i e n t l y  f a r  ups t ream.  T h i s  f a c t  e x p l a i n s  why t h e  t o t a l  
b iodegradab le  l o a d  proposed by De in inger  (1965) a s  a  p o l l u t i o n  
index  f o r  t h e  r i v e r  b a s i n  d i f f e r s  from Liebman's index  ( I ) ,  even 
i n  t h e  s imple  c a s e  o f  a  uni form f i n i t e  c h a n n e l  d e s c r i b e d  by a  
S t r e e t e r - P h e l p s  model. F i n a l l y ,  it i s  worth  w h i l e  n o t i c i n g  t h a t  
eq.  ( 4 )  h o l d s  a l s o  f o r  t h e  c a s e s  i n  which some of t h e  p l a n t s  a r e  
l o c a t e d  on t r i b u t a r i e s  o f  t h e  main r i v e r  ( t h i s  r e s u l t  f o l l o w s  
immediately from t h e  l i n e a r i t y  o f  t h e  mode l ) .  
I n  summary, w e  have proved t h a t  t h e  a d d i t i v i t y  p r o p e r t y  ( 4 )  
h o l d s  f o r  l i n e a r  models under  v e r y  g e n e r a l  c o n d i t i o n s ,  w h i l e  
f o r  n o n l i n e a r  models w e  can say  o n l y  t h a t  t h e r e  is  a  tendency 
f o r  t h i s  p r o p e r t y  t o  be  s a t i s f i e d  i f  t h e  r i v e r  b a s i n  i s  approx i -  
m a t e l y  uni form and i f  t h e  amount of  b i o d e g r a d a b l e  m a t t e r  go ing  
o u t  o f  t h e  r i v e r  b a s i n  i s  s m a l l  enough. An example of  t h e  
v a l i d i t y  o f  t h e  a d d i t i v i t y  p r o p e r t y  f o r  a  n o n l i n e a r  model i s  
g i v e n  i n  S e c t i o n  5 .  
3.  The M V O D ~ C  Seauencina  Problem 
A s  d e s c r i b e d  i n  t h e  i n t r o d u c t i o n ,  a  s o l u t i o n  of  t h e  sequenc- 
i n g  problem i s  g i v e n  by an  o r d e r e d  p a r t i t i o n  of  t h e  set  S of  t h e  
p l a n t s  i n t o  N b l o c k s  ( y e a r s ) ,  i . e .  by a  sequence { s ~ ) ~ = ~  wi th  
I f  C ( A )  i s  t h e  c o s t  o f  a  s u b s e t  A of  t h e  p l a n t s  ( C ( A )  = C c i )  
~ E A  
and C is  t h e  c o s t  of  a l l  p l a n t s  ( C  = C ( S ) ) ,  t h e n  a  sequence 
i s  s a i d  t o  be f e a s i b l e  i f  it s a t i s f i e s  t h e  fo l l owing  
budget  c o n s t r a i n t s :  
o r ,  e q u i v a l e n t l y ,  a  sequence  i s  f e a s i b l e  i f  
where 
The myopic sequenc ing  problem can  now be fo rmula ted  a s  
f o l l o ws :  f o r  each  y e a r  t ( t  = 1 , 2 , .  . . , N )  f i n d  t h e  s u b s e t  
s C s -  t St-l such t h a t  t h e  p o l l u t i o n  index P ( S  ) i s  minimized t 
whi l e  t h e  budget  c o n s t r a i n t s  (14)  a r e  s a t i s f i e d .  
Th i s  problem would i n  g e n e r a l  be v e r y  d i f f i c u l t  t o  s o l v e  
w i t h o u t  making u s e  o f  t h e  a d d i t i v i t y  p r o p e r t y  d e s c r i b e d  i n  t h e  
p reced ing  s e c t i o n .  Using t h i s  p r o p e r t y ,  t h e  myopic o p t i m i z a t i o n  
problem can  be s t a t e d  a s  f o l l ows :  f o r  each  yea r  t ( t  = 1 , 2 , .  . . I N )  
f i n d  t h e  s u b s e t  s t  C S - St-, such t h a t  t h e  improvement 
i s  maximized w h i l e  c o n s t r a i n t  (1 4 )  is  s a t i s f i e d .  
Each one of  t h e s e  N subproblems i s  a  s imple  l i n e a r  i n t e g e r  
programming problem known i n  t h e  l i t e r a t u r e  a s  t h e  knapsack 
problem. S i n ce  s t an d a r d  a l g o r i t h m s  a r e  a v a i l a b l e  today  f o r  
t h e  s o l u t i o n  of  t h i s  problem (see, f o r  i n s t a n c e ,  Kolesa r ,  1 3 6 7 ;  
Greenberg and Heger ich ,  1970; B a r the s ,  1975) w e  w i l l  n o t  g o  i n t o  
many d e t a i l s  h e r e .  N ev e r the l e s s ,  w e  w i l l  b r i e f l y  o u t l i n e  a  
b ranch  and bound procedure  f o r  t h e  s o l u t i o n  o f  t h e  knapsack 
problem s i n c e  t h i s  w i l l  s e r v e  a s  a  b a s i s  f o r  t h e  d e s c r i p t i o n  o f  
t h e  a l g o r i t h m  p r e s e n t e d  i n  t h e  n e x t  s e c t i o n  f o r  t h e  non-myopic 
c a s e .  
Before  d e s c r i b i n g  how a  branch and bound a l g o r i t h m  works i n  
g e n e r a l ,  l e t  u s  f i r s t  c o n s i d e r  a  s i m p l i s t i c  b u t  q u i t e  a t t r a c t i v e  
way of  a t t a c k i n g  t h e  problem. For t h i s ,  assume t h a t  w e  a r e  
i n t e r e s t e d  i n  s o l v i n g  t h e  knapsack problem r e l a t e d  t o  t h e  f i r s t  
y e a r ,  s o  t h a t  w e  can  omit  s u b s c r i p t  t i n  t h e  fo l l owing .  Thus 
w e  have a  set  S o f  n  p l a n t s  w i th  g iven  c o s t s  ci and q u a l i t y  
i n d i c a t o r s  q  and w e  can  assume, w i thou t  l o s s  of  g e n e r a l i t y ,  i' 
t h a t  t h e y  a r e  o r d e r e d  by d e c r e a s i n g  v a l u e s  of  t h e i r  e f f i c i e n c i e s  
W e  c a n  now a s s o c i a t e  a  zero-one v a r i a b l e  xi w i t h  each p l a n t  and 
assume t h a t  xi = 0 means t h a t  t h e  p l a n t  i s  n o t  a c t i v a t e d ,  whi le  
xi = 1 means t h a t  t h e  p l a n t  i s  a c t i v a t e d .  Thus, t h e  knapsack 
problem i s  d e s c r i b e d  by 
n  
max C qixi 
i=l 
s u b j e c t  t o  
where  n  i s  t h e  number o f  p l a n t s  t o  b e  b u i l t .  
I f  w e  now r e l a x  c o n s t r a i n t  ( 1 8 )  i n t o  t h e  new c o n s t r a i n t  
w e  o b t a i n  a l i n e a r  programming problem t h e  s o l u t i o n  o f  which 
i s  g i v e n  by 
where  ( k  - 1) i s  t h e  h i g h e s t  i n t e g e r  number, s u c h  t h a t  
The re f  o r e ,  t h e  i n t e g e r  s o l u t i o n  
i s  a f e a s i b l e  s o l u t i o n  ( c a l l e d  s i m p l i s t i c  f rom now on)  o f  t h e  
knapsack problem, and i t s  a s s o c i a t e d  improvement r e p r e s e n t s  a  
lower bound ( L . B . )  f o r  t h e  o p t i m a l  s o l u t i o n ,  i . e .  
k-1 
L.B.  = C qi , 
i=l 
w h i l e  t h e  s o l u t i o n  ( 2 0 )  of t h e  l i n e a r  programming problem g i v e s  
an  upper bound ( U . B . )  of t h e  o p t i m a l  s o l u t i o n ,  i . e .  
U.B.  = C qi + n k ( C / N  - C ci) . 
i=l i=l 
The computa t ion  of L.B.  and U.B.  g i v e n  by (22)  and ( 2 3 )  i s  
s t r a i g h t f o r w a r d  once  t h e  p l a n t s  have been o r d e r e d  a c c o r d i n g  t o  
( 1 5 ) ;  t h e  d i f f e r e n c e  between U.B and L.B.  g i v e s  a n  upper  bound 
f o r  how much w e  can  improve t h e  f e a s i b l e  s o l u t i o n  ( 2 1  ) by f u r t h e r  
i n v e s t i g a t i o n s .  Only i n  t h e  c a s e  i n  which (U.B.  - L . B . )  i s  
s u f f i c i e n t l y  l a r g e  w i t h  r e s p e c t  t o  L.B. i s  t h e  a p p l i c a t i o n  of  
t h e  branch and bound a l g o r i t h m  d e s c r i b e d  below j u s t i f i e d  from 
a  p r a c t i c a l  p o i n t  o f  view. 
L e t  u s  now d e s c r i b e  t h e  main c h a r a c t e r i s t i c s  of  a  b ranch  
and bound s e a r c h .  T h i s  method i s  v e r y  s u i t a b l e  f o r  s o l v i n g  
c o m b i n a t o r i a l  o p t i m i z a t i o n  problems by s u c c e s s i v e l y  examining 
s u b s e t s  of t h e  set  of  s o l u t i o n s  u n t i l  one  o f  t h e  s o l u t i o n s  
l o c a t e d  i n  one  of  t h e  s u b s e t s  i s  proved t o  b e  o p t i m a l .  Solu-  
t i o n  c l a s s e s  a r e  o b t a i n e d  by a s s i g n i n g  a  v a l u e  o f  0 o r  1 t o  a  
g i v e n  se t  of  v a r i a b l e s .  T h i s  p r o c e s s  i s  u s u a l l y  r e p r e s e n t e d  
on a  g r a p h ,  c a l l e d  s e a r c h  t ree,  i n  which e a c h  node r e p r e s e n t s  
a  p a r t i c u l a r  c l a s s  o f  s o l u t i o n s  (see, f o r  example, F i g u r e  1 ) .  
The t e r m i n a l  nodes ( l e a v e s )  o f  a  s e a r c h  t ree  r e p r e s e n t  d i s j o i n t  
c l a s s e s  of s o l u t i o n s :  f o r  example, i n  F i g u r e  1 node x  = 0 1 
r e p r e s e n t s  a l l  s u b s e t s  of  p l a n t s  n o t  c o n t a i n i n g  p l a n t  1, node 
x 2  = 0 r e p r e s e n t s  a l l  s u b s e t s  of  p l a n t s  c o n t a i n i n g  p l a n t  1 b u t  
n o t  c o n t a i n i n g  p l a n t  2 ,  w h i l e  t h e  t e r m i n a l  node i d e n t i f i e d  by 
x2 = 1 r e p r e s e n t s  a l l  s u b s e t s  c o n t a i n i n g  b o t h  p l a n t s  1 and 2. 
A node i n  a  s e a r c h  t ree i s  s a i d  t o  be c l o s e d  i f  it c o n t a i n s  no 
f e a s i b l e  s o l u t i o n  o r  i f  t h e  s o l u t i o n  c l a s s  c a n n o t  be  p a r t i t i o n e d  
4 
ORIGINAL 
PROBLEM 
X1 = 0 X1 = 1 
X2 = 0 X2 = 0 
F i g u r e  1 . Example o f  s e a r c h  tree.  
a g a i n  (see, f o r  example ,  node  xl  = 1 o f  F i g u r e  1);  o r ,  f i n a l l y ,  
i f  f o r  some r e a s o n  it i s  known t h a t  t h e  o p t i m a l  s o l u t i o n  i s  
n o t  c o n t a i n e d  i n  t h e  c o r r e s p o n d i n g  class.  By e x c l u s i o n  a node  
i s  c a l l e d  p e n d i n g  when it i s  n o t  c l o s e d .  
Now t h a t  w e  have  i n t r o d u c e d  t h e  c o n v e n i e n t  t e r m i n o l o g y  w e  
c a n  d e s c r i b e  a g e n e r a l  b r a n c h  and bound a l g o r i t h m  (see B a r t h e s ,  
1 9 7 5 )  f o r  a more d e t a i l e d  e x p o s i t i o n ) .  
A luo r i thm 
S t e p  0 The o r i g i n a l  p roblem i s  examined f i r s t .  The whole  
set o f  s o l u t i o n s  i s  a s s i g n e d  t o  t h e  root  o f  t h e  s e a r c h  
t ree.  A t  e a c h  i t e r a t i o n  s o l u t i o n  classes a r e  examined 
a s  f o l l o w s .  
S t e p 1  N o d e A n a l y s i s  
1 . 1 .  Check f e a s i b i l i t y  o f  t h e  node .  I f  t h e  s o l u t i o n  
c l a s s  c o n t a i n s  no f e a s i b l e  s o l u t i o n ,  t h e n  c l o s e  
t h e  node and  g o  t o  s t e p  3 .  O t h e r w i s e ,  compute  a  
f e a s i b l e  s o l u t i o n  and  t h e  c o r r e s g o n d i n g  l o w e r  
bound f o r  t h e  c l a s s .  
1 .2 .  Compute a n  u p p e r  bound f o r  t h e  s o l u t i o n  c l a s s .  
Step  2 Closure  of Pending Nodes 
Close  a l l  pending nodes c h a r a c t e r i z e d  by an upper 
bound l e s s  than  o r  equa l  t o  t h e  b e s t  f e a s i b l e  s o l u t i o n  
determined s o  f a r .  
S tep  3  Termination Tes t  
I f  a l l  nodes a r e  c l o s e d ,  s t o p ;  o the rwi se  go t o  s t e p  4 .  
Step  4 Node Generation 
4 . 1 .  S e l e c t  t h e  s o l u t i o n  c l a s s  corresponding t o  t h e  
pending node t h a t  has  t h e  h i g h e s t  upper bound. 
4 . 2 .  Use a  s u i t a b l e  r u l e  t o  p a r t i t i o n  t h i s  c l a s s  i n t o  
two s u b c l a s s e s ,  i . e .  d e c i d e  which v a r i a b l e  xi has  t o  
be f rozen  and t h e  f i r s t  t ime f r e e z e  it t o  1. 
4.3. Close t h e  branching node i f  a l l  s u b c l a s s e s  
have been genera ted  and go t o  s t e p  1. 
I t  i s  worth n o t i c i n g  t h a t  t h i s  a lgor i thm i s  completely spec i -  
f i e d  on ly  i f  it i s  p o s s i b l e  t o  compute lower and upper bounds 
( s e e  p o i n t s  1.1 and 1 . 2  of t h e  a lgor i thm)  and i f  t h e  p a r t i t i o n i n g  
r u l e  of p o i n t  4 . 2  i s  given.  I n  t h e  ca se  of  t h e  knapsack problem 
it i s  p o s s i b l e  t o  compute an L.B. and U.B. f o r  any s o l u t i o n  c l a s s ,  
a s  has  been shown above f o r  t h e  s e t  of a l l  p o s s i b l e  s o l u t i o n s  
( s e e  eqs .  ( 2 2 )  and ( 2 3 ) ) .  A s a t i s f a c t o r y  p a r t i t i o n i n g  r u l e  
c o n s i s t s  i n  f r e e z i n g  t h e  v a r i a b l e  corresponding t o  x i n  (20b) .  k  
F i n a l l y  it must be noted t h a t  f o r  l a r g e  s c a l e  problems t h e  
computat ional  e f f o r t  r equ i r ed  by t h e  a lgo r i t hm may e a s i l y  be- 
come p r o h i b i t i v e .  I t  might t h e r e f o r e  be convenient  t o  r e p l a c e  
t h e  t e rmina t ion  t e s t  by t h e  fo l lowing  r u l e .  
Spec i a l  Rule: Stop i f  t h e  d i f f e r e n c e  between t h e  h i g h e s t  upper 
bound on pending nodes and t h e  lower bound cor-  
responding t o  t h e  b e s t  f e a s i b l e  s o l u t i o n  computed 
so  f a r  i s  smal le r  than  o r  equa l  t o  a  given per-  
cen tage  of t h e  lower bound. 
This  t e rmina t ion  r u l e  w i l l  poss ib ly  gene ra t e  s a t i s f a c t o r y  sub- 
op t imal  s o l u t i o n s  w i t h i n  a  reasonable  t ime.  
4 .  The Far-Sighted Sequencing Problem 
We now cons ide r  t h e  problem t h a t  c o n s i s t s  i n  determining t h e  
sequence minimizing t h e  sum of t h e  p o l l u t i o n  i n d i c e s  over  t h e  
N yea r s .  The formal s ta tement  of t h e  problem i s  a s  fo l lows:  
.., N 
N f i n d  t h e  sequence {st}t=l  such t h a t  C P ( S  ) i s  minimized 
t=l t 
while  t h e  budget c o n s t r a i n t  ( 1 4 )  i s  s a t i s f i e d .  S ince  P (S t )  = 
N 
Po - Q ( S t ) ,  t h e  minimizat ion of C P ( S  ) i s  e q u i v a l e n t  t o  t h e  
N t=l t 
maximization of C Q (St)  ; t h u s  i f  t h e  a d d i t i v i t y  p rope r ty  ( 4 )  i s  
t=l 
f u l f i l l e d  w e  can r e fo rmula t e  t h e  problem i n  t h e  fo l lowing  way: 
N 
f i n d  t h e  sequence { ~ ~ l ~ = ~  such t h a t  C 6 qi i s  maximized 
t=l ~ E S  t 
whi le  t h e  budqet  c o n s t r a i n t  ( 1 4 )  i s  s a t i s f i e d .  
In  o r d e r  t o  s o l v e  t h i s  problem by means of a  branch and 
bound a lgo r i t hm,  it i s  f i r s t  convenien t  t o  pu t  it i n t o  an 
i n t e g e r  programming form. For t h i s ,  l e t  u s  i n t roduce  t h e  zero- 
one v a r i a b l e  xit which i s  equa l  t o  one i f  p l a n t  i i s  b u i l t  i n  
year  t ,  and zero  o therwise .  Then, t ak ing  i n t o  account  t h a t  
i n d i c a t o r  qi i s  weighted ( N  - t + 1) t i m e s  i n  t h e  performance 
index i f  t h e  i - t h  p l a n t  i s  b u i l t  i n  year  t ,  and t h a t  f o r  each 
p l a n t  i t h e r e  i s  one and on ly  one x  equa l  t o  1, we o b t a i n  t h e  it 
fol lowing l i n e a r  i n t e g e r  programming problem: 
N n  
max Z Z ( N - t + l )  qiXit 
t=l i=l 
s u b j e c t  t o  t h e  c o n s t r a i n t s  
I f  w e  now r e l a x  t h e  i n t e g e r  c o n s t r a i n t  ( 3 0 )  i n t o  t h e  
i n e q u a l i t y  c o n s t r a i n t s  
w e  o b t a i n  a  l i n e a r  program ( 2 4 - 2 6 ) ,  ( 2 8 ) ,  which i s  of  somewhat 
t h e  same s t r u c t u r e  as  t h e  one  c o n s i d e r e d  i n  t h e  p r e c e d i n g  sec- 
t i o n .  I t  i s  e a s y  t o  show t h a t  i f  t h e  p l a n t s  have  been  o r d e r e d  
as i n  ( 1 5 ) ,  t h e  s o l u t i o n  o f  t h i s  l i n e a r  program i s  g i v e n  by 
x  = 1 ,  i = 1,. .. ,k1- 1 , il (I kl-1 Year 1 = (C/N - E ci) /ck 1 
kll i=l 1 
e t c . ,  
where ( f o r  t = 1 . 2 ,  ..., N )  kt i s  d e f i n e d  by t h e  c o n d i t i o n s  
* 
The s i m p l i s t i c  s o l u t i o n  x  o f  t h e  i n t e g e r  programming it * 
problem (24-27) ,  which i s  o b t a i n e d  from ( 2 9 )  by p u t t i n g  xk = 0, 
* * - t 
x = 1, and xit = x  i n  a l l  o t h e r  c a s e s ,  c o i n c i d e s  w i t h  k t ,  t+l it 
t h e  s i m p l i s t i c  myopic s o l u t i o n  ( e a s y  t o  c h e c k ) .  The c o r r e s p o n d i n g  
v a l u e  of  t h e  performance  (24)  r e p r e s e n t s  an  L.B. f o r  t h e  o p t i m a l  
s o l u t i o n ,  i . e .  
Of c o u r s e ,  t h e  s o l u t i o n  o f  t h e  l i n e a r  program ( 2 4 - 2 6 ) ,  ( 2 8 )  
i s  a  U.B.  f o r  t h e  o p t i m a l  s o l u t i o n  of  t h e  sequenc ing  problem, 
i . e .  
N n  
- 
U.B.  = C E ( N -  t + 1 )  qixit . ( 3 1 )  
t=l i=l 
Thus i f  ( U . B .  - L . B . ) / L . B .  i s  s m a l l  enough w e  c a n  b e  s a t i s f i e d  
* 
w i t h  o u r  s i m p l i s t i c  subop t imal  s o l u t i o n  x  i t i  i f  n o t ,  w e  c a n  
a p p l y  t h e  b ranch  and bound a l g o r i t h m  d e s c r i b e d  i n  t h e  p r e c e d i n g  
s e c t i o n  t o  improve t h e  subop t imal  s o l u t i o n ,  o r ,  i f  p o s s i b l e ,  t o  
g e t  t h e  o p t i m a l  s o l u t i o n .  The computa t ion  of  a n  L.B.  and a  U.B.  
f o r  each  node o f  t h e  s e a r c h i n g  tree c a n  b e  e a s i l y  c a r r i e d  o u t  by 
s o l v i n g  t h e  l i n e a r  program (24-26) , (28)  w i t h  t h e  xit v a r i a b l e s  
- 
- - 
d e f i n i n g  t h e  node f r o z e n  t o  i n t e g e r  v a l u e s .  I f  xit  i s  t h e  s o l u -  
t i o n  of t h i s  l i n e a r  program t h e n  a  f e a s i b l e  i n t e g e r  s o l u t i o n  
* 
x  can  immedia te ly  b e  d e r i v e d  a s  f o l l o w s .  L e t  ti b e  t h e  maximum it 
i n t e g e r  t s u c h  t h a t  x # 0. Then f o r  i = 1, ..., n  it 
* 
x  = O  it f o r  t # t i  1 
* 
x = 1  f o r  t = t  it i '  
Thus, L.B.  and U . B .  c a n  be o b t a i n e d  by means o f  ( 3 0 ) ,  ( 3 1 ) .  
F i n a l l y ,  t h e  p a r t i t i o n i n g  r u l e  w e  propose  c o r r e s p o n d s  t o  
f r e e z i n g  t h a t  non- in teger  v a r i a b l e  x which g i v e s  t h e  h i g h e s t  it 
c o n t r i b u t i o n  i n  t h e  upper bound (31)  , i . e .  t o  select t h e  i n d i c e s  
- ( i , t )  i n  such  a way t h a t  ( N  - t + 1) qixit i s  maximized. 
The a l g o r i t h m  used f o r  s o l v i n g  t h e  c a s e  p r e s e n t e d  i n  t h e  
n e x t  s e c t i o n  i s  somewhat d i f f e r e n t  from t h e  one j u s t  d e s c r i b e d .  
But we do  n o t  d e s c r i b e  t h i s  a l g o r i t h m  ( though it i s  a v a i l a b l e  
upon r e q u e s t )  s i n c e  t h i s  would e n t a i l  t o o  much a n a l y t i c a l  d e t a i l .  
The b a s i c  d i f f e r e n c e  i s  t h e  p a r t i t i o n i n g  r u l e ,  which g e n e r a t e s  a  
s e a r c h  tree i n  which t h e  a n a l y s i s  o f  e a c h  node can  be c a r r i e d  
o u t  more q u i c k l y ,  s i n c e  a  c l o s e d  form s o l u t i o n  s i m i l a r  t o  (29)  o f  
t h e  c o r r e s p o n d i n g  l i n e a r  program c a n  be  used.  
F i n a l l y ,  w e  must p o i n t  o u t  t h a t  t h e s e  a l g o r i t h m s  c o u l d  
e a s i l y  become v e r y  t i m e  consuming, s i n c e  t h e  i n t e g e r  v a r i a b l e s  
a r e  now N n i n s t e a d  o f  n a s  i n  t h e  p reced ing  myopic problem. 
N e v e r t h e l e s s ,  t h e  advantage  i s  t h a t  w i t h  t h e  s p e c i a l  t e r m i n a t i o n  
r u l e  based on (U.B.  - L.B.)/L.B., w e  c a n  e a s i l y  a v o i d  t h e  
u s u a l l y  v e r y  long  phase  o f  r e f i n e m e n t  n e c e s s a r y  t o  g e t  t h e  o p t i m a l  
s o l u t i o n .  
5 .  A p p l i c a t i o n  t o  t h e  Rhine River  
For a  r e a l i s t i c  a p p l i c a t i o n o f t h e  t e c h n i q u e s  d e s c r i b e d  above,  
a  s e c t i o n  o f  t h e  Rhine River  i n  W e s t  Germany was chosen.  The 
s e c t i o n  e x t e n d s  from Mannheim-Ludwigshafen t o  t h e  Dutch-German 
b o r d e r ,  and i s  - 500 km long .  The major  p o l l u t i o n  s o u r c e s  i n  
t h i s  s e c t i o n  a r e  Mannheim/Ludwigshafen w i t h  t h e  i n f l o w  o f  t h e  
Neckar R iver ,  Mainz/Wiesbaden w i t h  t h e  i n f l o w  of  t h e  Main R i v e r ,  
~ o l n / ~ o n n ,  and t h e  Ruhr d i s t r i c t .  Both a S t r e e t e r - P h e l p s  model 
and an e c o l o g i c a l  model were developed f o r  t h i s  s e c t i o n .  The 
dependent  v a r i a b l e s  of  t h e  e c o l o g i c a l  model a r e  c o n c e n t r a t i o n  
N1 of  e a s i l y  d e g r a d a b l e  p o l l u t a n t s ,  c o n c e n t r a t i o n  N2 of  s lowly  
d e g r a d a b l e  p o l l u t a n t s ,  c o n c e n t r a t i o n  N of non-degradable p o l l u t -  3 
a n t s ,  b a c t e r i a l  mass d e n s i t y  B ,  pro tozoan  nlass d e n s i t y  P I  
oxygen c o n c e n t r a t i o n  0. The model e q u a t i o n s  a r e  
where Os and aik a r e  pa ramete rs  (which a r e  n o t  a l l  i ndependen t ) .  
The model i s  of  form ( 8 )  and has  been d e s c r i b e d  i n  d e t a i l  else- 
where ( S t e h f e s t ,  1 9 7 3 ) .  The S t r e e t e r - P h e l p s  model c o n s i s t s  of  
t h e  u s u a l  e q u a t i o n s  f o r  oxygen c o n c e n t r a t i o n  and oxygen demand 
and an  a d d i t i o n a l  e q u a t i o n  f o r  t h e  non-degradable p o l l u t a n t s  
t h a t  i s  t h e  same a s  ( 3 2 c ) .  F i g u r e s  2 and 3  show how bo th  models 
f i t  measured d a t a ;  t h e  c u r v e s  approx imate ly  d e s c r i b e  t h e  s i t u a t i o n  
i n  1971. 
The op t ima l  s o l u t i o n  whose op t ima l  implementat ion ha s  been 
i n v e s t i g a t e d  r e s u l t e d  from a  dynamic programming c a l c u l a t i o n .  
I n  t h i s  program t h e  d e c i s i o n  v a r i a b l e s  were t h e  t r ea tmen t  e f f o r t  
i n  each  of s i x t e e n  r e a c h e s  of t h e  r i v e r  s e c t i o n ,  and t h e  o b j e c t i v e  
was t o  meet s t a n d a r d s  f o r  bo th  oxygen c o n c e n t r a t i o n  and concen- 
t r a t i o n  of  non-degradable p o l l u t a n t s  a t  minimum c o s t .  The 
d e t a i l s  of t h e  program a r e  d e s c r i b e d  i n  a  for thcoming paper  
( S t e h f e s t ,  1976 ) .  F i g u r e  4 shows t h e  op t ima l  t r e a t m e n t  e f f o r t  
i n  a l l  r e a c h e s ,  i f  everywhere i n  t h e  s e c t i o n  t h e  oxygen con- 
c e n t r a t i o n  has  t o  be > 6 . 5  mg/l and t h e  c o n c e n t r a t i o n  of 
non-degradable p o l l u t a n t  < 9 mg/l. The c a l c u l a t i o n  was 
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F i g u r e  4 .  Opt ima l  t r e a t m e n t  e f f o r t  
a l o n g  t h e  Rhine  R i v e r .  
c a r r i e d  o u t  f o r  a  w a t e r  t e m p e r a t u r e  o f  2 0 ' ~  and mean r i v e r  
d i s c h a r g e ,  and  t h e  e c o l o g i c a l  model w a s  u s e d .  The S t r e e t e r - P h e l p s  
model g a v e  a l m o s t  t h e  same r e s u l t  f o r  t h i s  c o m b i n a t i o n  o f  s t a n -  
d a r d s ;  t h e r e f o r e  o n l y  t h e  set  o f  p l a n t s  g i v e n  i n  F i g u r e  4 was used  
f o r  t h e  s e q u e n c i n g  problem.  T h i s  a l s o  a l l o w e d  u s  t o  c h e c k  f o r  
t h e  e f f e c t  o f  u s i n g  d i f f e r e n t  mode l s  o n  t h e  o p t i m a l  s e q u e n c e .  
Each u n i t  o f  w a s t e  t r e a t e d ,  which c o r r e s p o n d s  t o  3 6 . 4  t o n s  of  
c h e m i c a l  oxygen demand p e r  h o u r ,  was looked  upon a s  o n e  t reat-  
ment  p l a n t .  F o r  t h e  s e q u e n c i n g  problem t h e  p l a n t s  i n  e a c h  r e a c h  
w e r e  assumed t o  b e  u n i f o r m l y  d i s t r i b u t e d  o v e r  t h e  r e a c h .  The 
t r e a t m e n t  c o s t  p e r  u n i t  o f  w a s t e  produced  w a s  f o r  e a c h  r e a c h  o n e  
o f  t h r e e  d i s t i n c t  v a l u e s .  (The cost  c a t e g o r y  w a s  d e t e r m i n e d  
m a i n l y  by t h e  p o p u l a t i o n  d e n s i t y  i n  t h e  r e a c h . )  To make t h e s e  
cos ts  m o r e  r ea l i s t i c  f o r  t h e  s e q u e n c i n g  p r o b l e m  t h e y  w e r e  c h a n g e d  
r a n d o m l y  b y  u p  t o  + 2 5 % .  T h e  costs  for  t h e  2 2  p l a n t s  u s e d  i n  
t h e  s e q u e n c i n g  p r o b l e m  are  g i v e n  i n  T a b l e  1. T h e  t i m e  w i t h i n  
w h i c h  t h e  p l a n t s  h a d  t o  be i n s t a l l e d  w a s  c h o s e n  t o  be f i v e  y e a r s .  
T a b l e  1: C o s t s  a n d  c o n t r i b u t i o n s  t o  t h e  q u a l i t y  
i m p r o v e m e n t  of t r e a t m e n t  p l a n t s  o n  t h e  
R h i n e  River ( u s i n g  t h e  S t r e e t e r - P h e l p s  
m o d e l ) .  T h e  p l a n t s  are  o r d e r e d  a c c o r d -  
i n g  t o  t h e i r  l o c a t i o n  o n  t he  r i v e r .  
Number 
1 
2  
3  
4  
5  
6  
7  
8 
9  
10 
11 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
1 9  
2 0  
2 1  
2 2  
C o s t  [1o6$/yl 
1 9 . 5  
1 7 . 2  
2 1 . 1  
4 4 . 6  
2 5 . 3  
1 8 . 6  
2 8 . 5  
2 5 . 7  
2 7 . 3  
2 0 . 4  
2 2 . 7  
2 5 . 9  
1 7 . 9  
1 7 . 7  
2 8 . 5  
2 4 . 6  
2 1 . 4  
2 5 . 9  
2 8 . 2  
2 3 . 2  
1 9 . 5  
3 0 . 6  
qi [lo t 021 
2 . 9 2  
2 . 9 3  
2 . 9 4  
2 . 9 9  
2 . 8 2  
2 . 7 6  
2 . 6 3  
2 . 6 1  
2 . 6 0  
2 . 5 9  
2 . 5 8  
2 . 5 7  
2 . 5 6  
2 . 4 3  
2 . 4 7  
2 . 4 5  
2 . 4 1  
2 . 3 5  
2 . 2 7  
2 . 1 9  
2 . 1 0  
1 . 7 3  
u s i n g  t h e  S t r e e t e r - P h e l p s  model,  t h e  p o l l u t i o n  index  Po 
3  b e f o r e  i n s t a l l a t i o n  of  any o f  t h e  22 p l a n t s  was 1 . 0 4  10 t 02; 
t h e  c o n t r i b u t i o n s  qi (see ( 4 ) )  t o  t h e  improvement o f  t h i s  index  
a r e  g i v e n  i n  Tab le  1. 
W e  w i l l  now compare t h e  t h r e e  approaches  t o  t h e  sequencing 
problem: 
1. S i m p l i s t i c  approach,  i . e .  i n s t a l l a t i o n  o f  p l a n t s  
a c c o r d i n g  t o  t h e i r  e f f i c i e n c y  T-I ( s e e  1 5 )  ) ; 
2. Myopic o p t i m i z a t i o n ;  
3.  F a r - s i g h t e d  o p t i m i z a t i o n .  
The sums of t h e  p o l l u t i o n  i n d i c e s  over  t h e  i n s t a l l a t i o n  p e r i o d  
f o r  t h e  d i f f e r e n t  approaches  a r e  shown i n  t h e  f i r s t  column of 
Tab le  2. The ana logous  sums can a l s o  be c a l c u l a t e d  f o r  t h e  
Tab le  2. Values  of t h e  sum of  t h e  p o l l u t i o n  
index  P o v e r  t h e  p e r i o d  of  implemen- 
3  t a t i o n  ( i n  10 t y ) .  
i n s t a l l a t i o n  sequences  t h a t  a r e  o p t i m a l  w i t h  r e s p e c t  t o  t h e  
e c o l o g i c a l  model.  These v a l u e s  a r e  g i v e n  i n  column 2  o f  T a b l e  2. 
Model Used f o r  
O p t i m i z a t i o n  
(St)  
S i m p l i s t i c  
Myopic 
O v e r a l l  
S t r e e t e r -  
P h e l p s  
Mode 1 
S t r e e t e r -  
P h e l p s  
Model 
3.401 
3.375 
3.375 
E c o l o g i c a l  
Mode 1 
S t r e e t e r -  
P h e l p s  
Mode 1 
3.440 
3.449 
3.437 
E c o l o g i c a l  
Model 
E c o l o g i c a l  
Mode 1 
3.070 
3.009 
3.117 
S t r e e t e r -  
P h e l p s  
Model 
E c o l o g i c a l  
Mode 1 
3.168 
3.232 
3.200 
They a r e  a l s o  v e r y  c l o s e  t o  t h e  v a l u e s  i n  t h e  f i r s t  column,  
m a i n l y  b e c a u s e  t h e  q i l s  f o r  t h e  S t r e e t e r - P h e l p s  model  a r e  n o t  
v e r y  d i f f e r e n t  (see T a b l e  1) .  
F o r  t h e  e c o l o g i c a l  model ,  t h e  q u e s t i o n  a r i s e s  w h e t h e r  t h e  
a d d i t i v i t y  p r o p e r t y ,  which  h o l d s  e x a c t l y  i n  c a s e  o f  a n  i n f i n i t e ,  
homogeneous r i v e r ,  i s  a p p r o x i m a t e l y  s a t i s f i e d  f o r  t h e  r i v e r  
s e c t i o n  i n v e s t i g a t e d .  Numer ica l  c a l c u l a t i o n s  showed t h a t  t h e  
q i  ' s  depend s t r o n g l y  on  t h e  i n i t i a l  s i t u a t i o n ;  i . e . ,  a p l a n t  
may have  c o m p l e t e l y  d i f f e r e n t  e f f e c t s  on  t h e  p o l l u t i o n  i n d e x  
d e p e n d i n g  on  t h e  y e a r  i n  which  it i s  b u i l t .  Only f o r  s m a l l  
s u b - s e t s  x i s  e q .  ( 4 )  a p p r o x i m a t e l y  f u l f i l l e d .  T a b l e  3 i l l u s -  
t r a t e s  how t h e  q i  v a l u e s  change  i f  t h e  c o n d i t i o n s  unde r  which  
t h e  p l a n t s  a r e  b u i l t  change .  
T a b l e  3 .  Improvements  qi  o f  p o l l u t i o n  i n d e x  ( i n  10 t 0 2 )  by 
s i n g l e  t r e a t m e n t  p l a n t s  f o r  d i f f e r e n t  i n i t i a l  s i t u -  
a t i o n s .  ( C r o s s e s  i n d i c a t e  t h e  p l a n t s  a l r e a d y  b u i l t  
( i n i t i a l  s i t u a t i o n )  . ) 
The v a l ue  o f  t h e  p o l l u t i o n  index b e f o r e  a  p l a n t  i s  b u i l t  i s  
3  0.928 10 t 02. Table  3  s u g g e s t s  t h a t  t h e  i n s t a l l a t i o n  
sequence of a l l  w as t e  wa te r  t r e a t m e n t  p l a n t s  should  n o t  be de- 
c i d e d  on t h e  b a s i s  of  t h e  q i t s  c a l c u l a t e d  f o r  t h e  c o n d i t i o n s  
a t  t h e  beg inn ing  o f  t h e  i n s t a l l a t i o n  pe r i od .  For t h e  s i m p l i s t i c  
and myopic approach one can  e a s i l y  use  q i l s  t h a t  are c a l c u l a t e d  
anew each  y ea r .  An o v e r a l l  o p t i m i z a t i o n  t h a t  t a k e s  i n t o  accoun t  
t h e  v a r i a b i l i t y  of  t h e  q i l s  would be f a r  t o o  compl ica ted ,  how- 
e v e r .  
The t h i r d  column of Tab le  2  shows t h e  sums of  t h e  p o l l u t i o n  
i n d i c e s  f o r  t h e  d i f f e r e n t  approaches  t o  t h e  sequencing problem 
u s i n g  t h e  e c o l o g i c a l  model f o r  bo th  o p t i m i z a t i o n  and p o l l u t i o n  
index.  S i m p l i s t i c  and myopic o p t i m i z a t i o n s  w e r e  done w i t h  t h e  
q i  I s  c a l c u l a t e d  anew each  y e a r ,  and t h e  o v e r a l l  o p t i m i z a t i o n  w a s  
done w i t h  t h e  q i l s  c a l c u l a t e d  f o r  t h e  f i r s t  y e a r .  T h e f o u r t h  column 
shows t h e  same sums f o r  t h e  i n s t a l l a t i o n  sequences  t h a t  are o p t i -  
mal w i t h  r e s p e c t  t o  t h e  S t r e e t e r - P h e l p s  model. The d i f f e r e n c e s  
w i t h i n  t h e  t h i r d  and f o u r t h  columns are c o n s i d e r a b l y  g r e a t e r  
t h a n  w i t h i n  t h e  f i r s t  two columns. 
The computing t i m e  f o r  22 q  v a l u e s  as w e l l  as f o r  one s t e p  i 
i n  t h e  myopic o p t i m i z a t i o n  w a s  i n  t h e  o r d e r  of seconds  on an  IBM 
370/155 computer,  and t h e  s t o r a g e  requ i rement  w a s  a l s o  v e r y  
moderate.  The o v e r a l l  o p t i m i z a t i o n  took rough ly  f i f t e e n  minu tes  
and a  c o n s i d e r a b l e  p a r t  o f  t h e  s t o r a g e  of t h a t  machine. 
E v a l u a t i n g  t h e  r e s u l t s  of  t h i s  i l l u s t r a t i v e  example, which 
a r e  summarized i n  Tab le  2, one can  s a y  t ha t - - cons ide r i ng  t h e  
model u n c e r t a i n t i e s - - i t  i s  s u f f i c i e n t  t o  i n s t a l l  t h e  p l a n t s  i n  
t h e  o r d e r  g i v en  by t h e i r  r e l a t i v e  e f f i c i e n c y  T-I ( " s i m p l i s t i c  
o p t i m i z a t i o n " ) .  I f ,  however, a  n o n l i n e a r  r i v e r  q u a l i t y  model,  
such  a s  (32)  i s  f e l t  t o  app ly ,  t h e  d e v i a t i o n  from t h e  a d d i t i v i t y  
p r o p e r t y  may be s o  s e v e r e  t h a t  t h e  r e l a t i v e  e f f i c i e n c i e s  have 
t o  be c a l c u l a t e d  anew f o r  each  yea r .  I n  cases where t h e  d i f f e r -  
e n c e s  among p l a n t  c o s t s  a r e  l a r g e r  t h a n  i n  Tab le  1 and/or  i n  
which t h e  r a t i o  n/N i s  s m a l l e r ,  t h e  d i f f e r e n c e s  among t h e  t h r e e  
o p t i m i z a t i o n  approaches  may become much more pronounced t h a n  i n  
Table  2 ;  i n s t e a d  of  t h e  s i m p l i s t i c  approach,  it may t h e n  be 
wor th  u s i n g  a  branch and bound a lgo r i t hm f o r  myopic o r  o v e r a l l  
o p t i m i z a t i o n .  
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